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Dimensional-reduction anomaly in spherically symmetric spacetimes
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In D-dimensional spacetimes which can be foliatednbgimensional homogeneous subspaces, a quantum
field can be decomposed in terms of modes on the subspaces, reducing the system to a collection of
(D —n)-dimensional fields. This allows one to write bddedimensional field quantities like the Green func-
tion and the effective action as sums of thdir{ n)-dimensional counterparts in the dimensionally reduced
theory. It has been shown, however, that renormalization breaks this relationship between the original and
dimensionally reduced theories, an effect called the dimensional-reduction anomaly. We examine the
dimensional-reduction anomaly for the important case of spherically symmetric spaces.

PACS numbgs): 04.62:+v, 11.10.Gh, 11.10.Kk

[. INTRODUCTION anomaly which occurs when a scalar field propagating in a
spherically symmetric four-dimensional spacetime is decom-
Spacetimes with continuous symmetries play an importanposed into spherical harmonics and treated as a collection of
role in quantum field theory for the reason that symmetrie§wo-dimensional fields. This case may be of particular im-
often allow one to reduce greatly the computational difficultyPortance to recent attempts to calculate the stress tensor and
of a given problem, making practical calculations feasibleHawking radiation in black-hole spacetimes using two-
Of particular interest is the separation of variables approacfimensional dilaton gravity model$2—6]. Since four-
to solving partial differential equations in geometries with adimensional renormalized quantities will not in general equal
high degree of symmetry. For example, expanding a fieldhe sum of the corresponding t\(vo—dlmensmnal quantl_tles_, it
propagating in a spherically symmetric geometry in terms ofnay well be necessary to take into account the contribution

- . o - . of the dimensional-reduction anomaly in order to reproduce
spherical harmonics and substituting into the field equatior? . .
P g d the correct results for four dimensiofsee alsd7]).

reduces the system from that of a single figidt,r, 6, $) in We begin in Sec. Il with a brief discussion of dimensional

four dimensions to a collection of effective two-dimensional .aqyction in spherically symmetric spacetimes. In Sec. Ill we

fields ¢|(t,r), one for each spherical harmonig, (6, ). In  examine the simple case of flat space, both to illustrate the

principle, after solving the simpler two-dimensional prob- basic idea behind the anomaly and to lay the necessary com-

lems, one can obtain quantities such as the stress tensor jputational groundwork. In Secs. IV and V we extend our

the effective action for the original four-dimensional field calculations to a general spherically symmetric four-

theory by summing the corresponding results for the twodimensional space, and calculate the dimensional-reduction

dimensional field theories over all modes. anomalies in(®?) and the effective action. We conclude
In a previous papefl], it was noted that separation of with a brief discussion of the possible implications of the

variables can break down when applied to quantum fieldanomaly. We work in Euclidean signature, using dimension-

theory, so that summing over the dimensionally reduced reless units wher&=c=#=1 and the sign conventions (]

sults no longer yields the corresponding quantity in four di-for the definition of the curvature.

mensions. This occurs because in quantum field theory,

quantities of physical interest, such as the effective action, Il. SPHERICAL DECOMPOSITIONS

stress energy tensor, and square of the field operator, are

divergent and must be renormalized. While the bare field can In this section we briefly consider the dimensional reduc-

be dimensionally reduced into the sum of lower-dimensionation of a quantum field in a four-dimensional spherically

fields, the divergent parts which are to be subtracted in foupymmetric space, and show how it may be reduced to a col-

dimensions generally do not equal the sum of the correlection of two-dimensional fields.

sponding divergent terms from the two-dimensional theories. The line element for such a space may be written as

As a result, one obtains an incorrect answer if one calculates

a renormalized quantity in four dimensions by summing over dSZZQuV(XT)dXMdXV

modes of the corresponding renormalized quantities in two o xC _—

dimensions. This failure of dimensional reduction when ap- =hap(X)AXAX+ pPe 20wy (ydy'dy,

plied to quantum field theories is called the dimensional- (2.1

reduction anomaly.

In this paper we calculate the dimensional-reductionvhereX®=(xy'), hyp is an arbitrary two-dimensional met-
ric, wj; is the metric of a two-spherg, is a constant with the

dimensions of length, ang is known as the dilaton. The
*Email address: psutton@phys.ualberta.ca radius of a two-sphere of fixexf is given byr = pe™ ).
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Consider a massive scalar field propagating on the spaa®oting the renormalized and divergent parts by the subscripts

(2.1) and obeying the field equation “ren” and “div”, respectively, we have
FO(X)=(0-m?—V)d(X)=0, (2.2 (Den= lIM Gref X, X")= lim [G(X,X') = Gy (X,X")],
X' =X X' =X
where the potentiaV is also spherically symmetric. The cor- (2.11

responding Green function is a solution of the equation .
(@1 )ren= M Gjjred(X,X") = lim [G(X,X") = Gyjai(X,X") ].

FG(X,X")=—48(X,X"). (2.3 X' ox X' X
(2.12
Knowledge of the Green function for a given quantum state -
allows one to calculate other expectation values of interesiVhile the bare quantitie& andg, are related by the mode-

such as the square of the field opera(ér?), and the stress decomposition relatio2.9), we find that the divergent parts
tensor ('T ) Ggiv and Gy gy are not. As a result, the renormalized theories
’ mv/e

) ) . in two and four dimensions are related not by E(&9),
Now consider what happens if we decompdsén terms (2,10 but rather by

of spherical harmonic¥,(y') as follows:

+1)

P (cos\)

b(x)=3, :27 —'m(y) (2.4
X[Gired XX ) +AG(X,X")], (213

Substitution into Eq(2.2) shows thatp, behaves as a field

propagating in the two-dimensional space with line element (2I

[<QDI >ren(x) + A(QDI >(X)]
(2.19

where the anomalous terms are easily shown to be

(D)o X) = E
ds?=h,,(x%)dxdxP, (2.5 =0

and satisfying the field equation

Fier(x)=(A—m?=V))g(x)=0. (2.6 A(PPY(x) = lim AG/(x,x")

x" —x

Here A is the d’Alembertian operator for the two-
dimensional metrich,,, and the induced potentia¥, is

1
given by = |lim [g”div(x,x’)—errr’J_ld(cos)\)

X' —x

V|=V+

I(1+1)
2 (2.15

—A¢p+ (V)2 (2.7) X P, (CoSN) Gy X, X |.

The corresponding two-dimensional Green functighsat-  One can show that similar formulas hold for other renormal-

isfy ized quantities, such as the effective actitand the stress
tensor:
FiGi(X,xX")=—8(x,x"), (2.9 )
and are related t& via Wien= 2 21+ 1) [Wijrent AW (2.19
Do cosmGine), 29 21+
cos x,x"), . A A
! ! ! <T,u,v>ren 20 [< >I\ren+A<7;w>l]- (2-17)

where P, is a Legendre polynomial andl is the angular

separation oK X', In each case the anomaly is the dlfference between the di-

Sice the square of the fied opeator s guen by the cot 381, SUOUACton tems for e dmensionaly ecuced
incidence limit of the Green function, E.9) implies that y P
original four- d|men3|onal theory.

the four-dimensiona(é)z) can be obtained by solving the Equations(2.13—(2.15 demonstrate that the renormal-

two-dimensional theory fo(:}f): ized value of a field quantity is generally not equal to the
sum of the same renormalized quantities for the dimension-

(2I+1) - S i 2 N

($2)= 2 o). 2.10 ally reduced theory. Rather, a quantity liké<) can be ob

tained from dimensional reduction only if the contribution

@?) for each modd is modified by an extra anomalous
The Green function, however, diverges in the COInCIdenCQerm This failure of dimensional reduction under renormal-
limit, and must be renormalized to yield a finikd?). De- ization is the dimensional-reduction anomaly. The remainder
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of this paper is devoted to explicit calculations of the anoma- cos\ =cosfé cosf’ +sinfsing’ cogp—7n'). (3.4

lies in (Cf)z) and W for the important case of spherically
symmetric geometries, described by E@.1). For further . ) -
general discussion of the dimensional-reduction anomaly anlj P€fore renormalizing we first decompose the fididinto

the related multiplicative anomaly, the reader is referred tospherlcal harmonlcs as in E@.4), we will be left with an

[1] and[9-11]. effective fieldg, propagating on the two-dimensional space
At this point some conventions on notation are in order With line elementds®=dt*+dr?, wherete( ,) andr

We need to be able to distinguish quantities such as Greea[0.). In this cases is given by 3[(t—t')?+(r—r’)?],

functions defined in different dimensions. “Ordinary” letters and the theory is renormalized by subtracting the two-

such asG, W are used for the original four-dimensional dimensional vacuum Green function

theory, while calligraphic letters such & WV refer to di-

mensionally reduced quantities. The anomalous difference

betweenA, A is denotedA A. All curvatures will be with 1

respect tch unless explicitly labeled otherwise; for example, Gijaiv(%,X") = Z—Ko(m\/(t—t’)2+ (r=r")?. (3.5

R=R[h] and “R=R[g]. As for differential operators, we ™

understand] to represent the d’Alembertian with respect to

g, while A is the d’Alembertian calculated using the metric To compare the renormalization of the two- and four-

h. Single covariant derivatives will be denoted By there  dimensional theories and establish the existence of the

will be no need to distinguish the metric used. For the dilatordimensional-reduction anomaly, we decompdSg, into

¢ we understandp,, ¢,,, etc. to denote multiple two- spherical harmonics. Defining the mode decomposition by

dimensional covariant derivatives gf calculated using the

metric h.

Ill. THE DIMENSIONAL-REDUCTION ANOMALY GdiV(X,X')=
IN FLAT SPACE =0

|(003)\)Gdlv\|(x x") (3.6

The simplest example of the dimensional reduction
anomaly occurs in the spherical decomposition of a scalar
field in flat space, and was originally considered 1} We N accordance with E¢2.9), we have
reproduce here the main formulas, as we will require them

for the generalization to curved space, and because some of , [t ,
the notation we use is different from that [df]. Gaivi(X,X") =211 f_ld(COS)\)PI(COS)\)Gdiv(XaX ).
Let us assume that the potentidl vanishes inside the 3.7

region of interest, and is spherically symmetric outside. In

this case, the Green function for a given state is renormalized

by subtracting the Green function for the Euclidean vacuumlnserting Eq.(3.1) into Eq. (3.7) and using the well-known
In four dimensions the latter is integral representation fdf, ,

o 2 2\
dxxl”exp[ x—a—]=2(—) K, (a), (3.9
Gdiv(X.X’)=#K1(m@), (3.1 fo 4x a

where o is one-half the square of the geodesic distance be the integral
tweenX and X’, andK; is a modified Bessel function. In

spherical coordinatelki“=(t,r,¢9,77)1 the line element is 1 2
f dzR(z)eP "2 =(-1)'e 5 +2P). (39
-1
ds?=dt?+dr?+r3(d6?+sirfod 5?), (3.2
wherel |, 1/, is a modified Bessel functiofsee, e.g.[12],
and Vol. 2, Eq.(2.17.5.2], and the representation
20=(t—t")?+(r—r")2+2rr'(1—cos\), (3.3 |
| 2 (I+k)' 1
where\ is the angle betweeX and X', given by 1+12P) = Lmp Eo ki(1=K)! (2p)X

X[(—1)keP—(—1)'e"P], (3.10

we denote the azimuthal coordinate pyrather thang for ob-
vious reasons. [see, for example, Eq8.467 of [13]], we obtain
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14 (+k)! t=t)2+(r—r)4
Gdiv\I(XaX,):EE ( ol ]

Eoki(I—k! | (2mrr )k

K my(t—t")2+(r—r")?]

[(t_t/)2+(r+r/)2]k/2
(2mrr’)k

—(-1)

Kk[m\/(t—t')2+(r+r’)2]1. (3.11

Let us compare this result for the mode-decomposed sub- A 1 1
traction terms from four dimensions with the subtraction A<(p|2:1>=2— —— —Ko(2mr) - Ki(2mr)|.
term for the two-dimensional theory, E@.5). While G, g is ™| (mr) (mr)

the free-field Green function in two dimensions, it is not ) o
difficult to verify that Gy is the Green function for a field Note that the anomaly diverges logarithmicallyras 0, and
propagating in the centrifugal barrier potertial vanishes ags— .

[(1+1) IV. THE DIMENSIONAL-REDUCTION ANOMALY
=2 (3.12 IN (D?)

r
In the previous section we considered the dimensional-

reduction anomaly iid?) arising from the spherical decom-
position of a scalar field in flat space. In this section we shall
extend those calculations to general four-dimensional spheri-

which obeys Dirichlet boundary conditions rat 0.

Naive renormalization in two dimensions requires sub-
tracting G 4 - We see, however, thdg, is the quantity
that should be subtracted to yield the correct results for th%ally symmetric spaces.

renormalized four-dimensional theotyf one was to ignore Our system consists of a massive scalar field with arbi-

the anomaly and calculafed?) e, using the two-dimensional trary coupling to the four-dimensional scalar curvature, de-
<g0|2>ren as in Eq.(2.10, one would obtain incorrect results, scribed by Eq(2.2) with
such as nonvanishing expectation values for the vacuum

state. Instead, using Eq®.14), (2.15), (3.5, and(3.11) one V=¢R. 4.1
finds that the renormalized theories in two and four dimen-
sions are related by We assume that the spacetime of interest is given by the line

element(2.1), which in standard spherical coordinatgs
. Zo(20+1) . . =(6,7) becomes
<q)2>ren(x):|20 ﬁ[(¢l2>ren(x) +A<‘P|2>(X)]-
-0 amr ds?=h,,(x°)dx@dxP+r2(d6?+sirfod %), (4.2)
where the anomaly is c
y with r=pe™ ¢,
As we saw in Sec. I, under the dimensional reduction
(2.4), the quantum field reduces to a collection of effective
| i1 fields ¢, on the two-dimensional spac@.5 with metric
1 RN 1(-1) h,p, satisfying the field equatiof?.6) with induced potential
41 k=1 (I_k)l k (mr)2k

A@f)=1lim [Gijgv—Gaiv]

X —x

r (R ,
(—1) 3 (1+k)! K (2mr) a1 V,=&R+ = ~Ap+(V)2 4.3
" 2w (=0 kl(|—k)' (mr)k ' (3)

We wish to compute the anomaly associated with renormal-
For example, for the first two modes the anomalies are  jzing this dimensionally reduced theory versus E2j2).
A standard approach to renormalization in curved space is
via the heat kernel. For the systeff.2), the heat kernel

1
o1
Aei-o)= 7 Ko(2mD), K(X,X'|s) is a solution of the equation

d
FK(X,X'|s)= —K(X,X'|s) (4.9
2See Eq(2.7). Itis easy to verify that\ ¢ — (V ¢)?=0 for the line ds

element(3.2).

SExamples of the correct procedure of renormalizing using thewith boundary conditiorK (X,X’|s=0)= &(X,X"). Once the
mode-decomposed subtraction terms from four dimensions ifeat kernel is known for a given state, both the Green func-
spherically symmetric spaces can be foundia]. tion and the effective action may be obtained using
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, o , (three terms in the Schwinger-DeWitt expansion fé,
G(X,X")= Jl) dsK(X,X'[s), (4.9  while in two dimensions we need consider only the first term

(first two term$ in K, . The anomaly in®2) or W can then
1 (=ds be calculated by mode-decomposing the appropriate terms
W= — Ef gf d*X\gK(X,Xs). (4.6 from K, comparing to the heat kerngl, for the dimension-
0 ally reduced theory, and finally integrating the difference

Analogous formulas hold for the dimensionally reduced®Ver s according to Eq(4.5 or Eq. @'6)'

theory with operatof; , heat kernek(;(x,x’|s), Green func- Let us begin with the anomaly ifb?). The divergent part

tion G,(x,x’) and effective actionV, . of the Green function in four dimensions is given by
The advantage of the heat kernel formulation is that the

divergences in both the Green function and the effective ac- _ N _ /

tion come from thes—0 limit of the s integral, and the Can X, X )_fo dsKa(X.X[s). .13

smalls behavior of the heat kernel is known for arbitrary

curved spaces of any dimension. In particular, in four dimenwhereK g, consists of the first two terms of E¢4.7):

sions,

1 T
o Kaiv(X,X'|s)= exq’—mzs— —]
D2 o ) div
K(X,X'|s)= @ )Zexpl’ —m?s— Z—S]E a;(X,X")s'. (4ms)? 2s
TS =0 4 4
4.7) X[RGTERX X ) +sRPTERX,XN)].
Here againr=o/(X,X') is one-half of the square of the geo- (4.14

desic distance between the poink and X', while D Here we use the convenient notation
=D(X,X") is the Van Vleck determinant, weu ven :
4 1 4
RITERX X")=D2(X,X")a ¢ R(X,X"). (4.15

D(X,X')= (x,x')l. " "
(4.9 In principle, the anomaly if®?) is straightforward to cal-

culate. We mode-decompoKg;, in terms of Legendre poly-
Thea, are the Schwinger-DeWitt coefficients for the opera-nomials in the usual manner:
tor F of Eqg. (2.2). In the coincidence limiX’'— X the first
few of these are

1 14 d
—d N —
Vo) Va(xX") e{ ax o’

(21+1)
Aarr’

Kdiv<x,><'|s>=|20 Pi(CoSM) Ky (,X'[s);  (4.16)

ay €'R=1, 4.9

1
ap ~£*R= (% - g) R, 4.10  Kayi(xx'|s)=2mrr’ fﬁld(cosh) Pi(cosh)Kgiy(X,X]s).
(4.17

4 1
a2|:|—§ R__— 4Ra5754Raﬁy5_ 4RaB4Ra'B+ O 4R]

~ 180 The anomaly if®2) is then just the coincidence limit of the

difference between the subtraction terms in two dimensions
and those mode-decomposed from four dimensions, inte-

1 2
4\ 2
6_5) ("R (41D grated overs:

For the two-dimensional operatdf, of Eq. (2.6) we only ~p °
need the Schwinger-DeWitt expansion of the heat kernel i~ A{¢i)(X)= o ds{Kijai(X:X[8) = Kaii (X, X[8)].

1
4 _
DR+2

1
g—§

G

the coincidence limit. This is (4.18
K (x.x]s) = 1 exp{—mZS} 1+s(£R—V| +.o ] We encounter a difficg]ty, however, when we try to perform
4ms 6 the mode decomposition. For a general spaceand the

(4.12 aZ ¢'R are known only for infinitesimal separatidnef X
Considering Eqs(4.5), (4.6), it is clear that in four dimen- andX’, while evaluation of the mode-decomposition integral
[} Y, 4
sions the divergences iG(W) arise from the first twd  (4.17) requires knowingr and theanD’g R for finite separa-

4Comparing to Eq(3.8), one sees that the integral representation °In terms of momentum integrals, finite separations correspond to
used forG in the previous section was just the heat kernel reprethe low-frequency regime, where the renormalization terms are not
sentation(4.5) with Egs.(4.7)—(4.10. fixed by the divergences in the theory.
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tions of X, X" on the two-sphere. We proceed by determining 1 r2
an approximateK g, for finite separation based on the fol- Kaiv( X, X'|s)= exp{ —m?s— —(1—2)]
lowing criteria: (47s 2s
(1) Our approximate 4, must reduce to the known value
in the flat-space limit. X
(2) Our approximateK 4, must respect the periodicity of
the two-sphere§.e., it must be periodic in the angular sepa- r2
ration \ with period 2r). ——[1-r3(V$)?](1—2)?
In a previous casgl] in which the mode decompositions 125
were performed over noncompact spaces, the following pr
cedure was found to work quite well. We taKe= (x,y) and
X'=(x,y"); i.e., we split the points in thg-direction only.
Using the well-known short-distance expansions obtained in 1
[15,16, o and the: Y ™R are expanded in powers of ( JInE_pﬁlePI(Z)ep(l A(1-2)", (4.24
—y’), which is equivalent to expanding in powers of the
curvature. These expansions are then substitutedptp  wherep=—r?2/2s is a dimensionless parameter, amés an
and, assuming small curvatures, truncated at first order in thigteger. The integrals fon#0 can be obtained from the
curvature forA({aF) and at second order foA)),. The =0 result(3.9), (3.10 used in the flat-space case by differ-
mode-decomposition integrals [i] can then be evaluated entiating with respect tp, yielding
with relative ease. |
In the present case, the equivalent procedure is to expand (I+k)! 1 [(—1)"2“ (k+n)!

o and theRr? €'Rin powers ofz2, which is easily done; see "TE K=K (=2p)f (—2p)n K
Appendix B. We also take into account the periodicity of the
two-spheres by converting our expansions\ fninto expan- | 2p i 2" (k+a)! n!
sions in (1-cos\). Defining z=cos\, we have —(=De ‘ZO (—2p)¢ kI al(n—a)!|

(4.2

The mode-decomposed heat kernel subtraction terms for a
general four-dimensional spherically symmetric spacetime

)2

1
1+s R+ 64R,,9(1—z)

1
g—f

. 423

%The mode decompositiof@.17) of this K, then boils down
to evaluating the integrals

N=2(1-2)+ 1(1—z)2+ i(1—z)3+ - (419
3 45 S

are then
We then substitute Eq4.19 for each\?, truncating at the
lowest order in (1-z) which will yield the correct flat-space g~ m’s 1 1
limit. This replacement of\? by a finite series in (%+2) Kd“"'(x’x|3):4—ws Jiots g—f) "R+ gARanu
means that our expansions are only modified for large angu-
lar separations, where the renormalization terms are inher- r2 ) )
ently ambiguous. Our choice simply corresponds to a natural sl 1TV i) (4.26

extension of the flat-space heat kernel which respects the
periodicity of the two-spheres for large angular separationsthe first term in Eq(4.26) is the mode decomposition for

For more details, see Appendix B. _ ~ flat space, while the other terms carry the contributions due
curvature fulfill several roles. First, th&k#0 terms in Eq.(4.25 are
associated with the centrifugal potentigl +1)/r? induced

r2 by the mode decomposition. This potential is ignored in the

20=2r%(1-2)+ =[1-r?(V¢)?(1—2)%2, (420 renormalization in two dimensions, since only the first
3 (potential-independentterm in the Schwinger-DeWitt ex-
pansion of the heat kernel contributes divergences to the
1 two-dimensional Green function. Second, then terms in Eq.
%E’gm: 1+ §4R""(1_Z)’ (421  (4.25 proportional toe?®=e /s enforce a Dirichlet bound-
ary condition atr=0, which is required if the four-
dimensional subtraction term is to be finite thésee Eq.

1 (4.19)].
9&1‘354R=(——§) ‘R. (4.22 These results are to be compared with the subtraction
6 term in two dimensions, which consists of the first term of
Eq. (4.12:
Inserting these expansions into E4.7) yields our approxi- s
. e ” o . e
mation for the “divergent” part of the four-dimensional heat Kl\div(XrX|S): _ (.27
kernel, 4xs
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FIG. 1. Kgyji=o(x,X|s) in Schwarzschild space for fixesland A
M/\s=0,2,4,8 from top to bottom. The common factor FIG. 2. A(¢Z ) in Schwarzschild space fanM=0.1,1,10,
e "S/(4ms) has been removed. The two-dimensional subtractiorff0m top to bottom.
term C; gy Would be a horizontal line at 1 on this plot.

o _ (Thel[(m?s)4,,] result from integrating terms of the form
Ip contrast toKdiv‘!, Kigiv is independent of both the posi- (m?s)'=23,, overs) For example, in Schwarzschild space
tion, the two-metrich,,, and the mode numbérIt matches _ ;
. X . o the anomaly for thé =0 mode is
just the first term in th&k=0 contribution to the flat space

part of Kgy; -

As an example, let us consider a quantum field in 1 )
Schwarzschild space, for whictR=0,“R,,=0, and "2\ T M 4

w Aei—o) 27TKO(Zmr)Jr 37 —(mr)2 mrKl(Zmr)
2M
[1—r2(v¢)2]:7, (4.28
—2Ko(2mr)—mrKy(2mr) |. (4.31)

where M is the black-hole mass. Figure 1 shows plots of
Kdi\,‘|:0(x,x|s) for fixed s and various values dfl/+/s. Note
that large values oM cause the mode-decomposed subtrac- .
tion terms to become negative. Plots ofA<<p,2=0) for various values oM are shown in Fig.

The anomaly if®?) can now be found by integrating the 2. Note that the anomaly itd2) generally diverges at any
difference ofiCy gy andKgy as in Eq.(4.18. We find point x* such thatr(x?)=0, while for asymptotically flat

- 1 1/1 spaces it vanishes as—o.
Aefy= 4| ~ITm?sdol = —| 5= €| *RIL(M?S) o]

14 ) (mr)2 ) ) V. THE DIMENSIONAL-REDUCTION ANOMALY
~ 5 Reol[M sy ]+ —o—[1-r(Ve)lI[I] |, IN THE EFFECTIVE ACTION
(4.29 In the previous section we calculated the dimensional-
reduction anomaly i{®?) for a general four-dimensional
where spherically symmetric space. We now use the same proce-
| dure to determine the anomaly in the effective action, de-
ot (I+kr noted byAW, in Eg. (2.16. Functional differentiation of
I[(m"s) ‘]'”]:k:;t,n K!(1—K)! AW, with respect to the metrid,, would then give the
corresponding anomal;}(?;w>| in the stress tensor in Eq.
1 (=% (k+n)! ' (2.17.
2 (mr)2n+2k Kkl (k+t+n-2)! For the four-dimensional effective actida.6) the diver-

gent part of the heat kernel consists of the first three terms of

| .
(1+K)! Eq. (4.7):
—_(—1\! n
( 1)k§ok1<|—k>!2
n
(k+ a)! n! , 1 D{ ) o-}
Kgiv(X,X"|s)= exp —m<s— —
x ;0 ki al(n—a) aX.X'ls) (47rs)? 2s
Kis+t+a-1(2mMr) 4.30 X[RY 6 R grP~E'R 4 2pD —€°R]
X— .
(mr)k—H—oH—l (51)
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As in the previous section, we split the poilXs X’ in the  where z=cos\. From the calculations for the anomaly in

angular direction only. Then one can write <(i>2> we have seen thai=1[1— 2(V¢)2] %0(0) Ro1,
—or2r(1_ 2 A3 s
20=2r(1-2)+u(l—2)*+v(l—-2°+---], (5.2 mg(l)g“R 145, and %?(O)§4R—(g—§) 4R The other
%E’§4 mn(O) R+mn(l) (1_Z)+%E(E)§4R(1_Z)2 i)%n(k) and_v are found in Appen_dlx B. Inserting thes_e
expansions into Eq5.1) and truncating at second order in
+oe (5.3  the curvature, we find

O-¢R O-¢R O-¢R O-¢R
{1+SRYof “+S*Ryof H{Roa) TSR H1-2)

(X,X'[s)= P‘—'“ __rz( )
Kgiv( X, X'|s ex S 1-z
div ( )2

2 2 2 2 4, .2
_an U AU U o .4 reu
+1 Moz "~ 5~ 5 Ry R](1—2)2+ ——mE(l)fR 51 (1- z)3+—8 (1-2)*

2s 2 (5.4

The decomposition of the heat kernel subtraction te(fd) is done in the same manner as in the previous section.
Employing the definition4.17) of the spherical decomposition and using the functidpsof Eqgs.(4.24), (4.25, we obtain

Kaivji(X,x|s)= lim 27r f d(cos\)P;(cosh)K gy (X,X'|s)

X — X
—m?s r2u r2u 4
_ O-¢*R, 2 &R O-¢4R R O-¢%R
= Ams {1+39‘{1(0)g +s 2)%2(0) }J|o+{m0(1)§ JrS9‘{1(1)5 Fat 9%(2) T o5 T 79‘{1(0)5 Jiz
2 2 4,2
rv réu_ . u
( T s ng(l)g RiJis+ EJM . (5.9

Meanwhile, the divergences in the effective action for the two-dimensional thi2dyarise from the first two terms of Eq.

(4.12:

2

—m~s 1
’C||diV(X,X|S)= s 1+s ER_Vl) . (56)
The anomaly in the effective action is then found by integrating the difference of(E&s. (5.6) as in Eq.(4.6):
1 *ds
AW = — EJ de\/ﬁfo ?[Klldiv(xv)qs)_ Kaivji (X, x[8)]
m’ o 1 o—erip 2 L o—e'ryp a2 0-¢R 1 o o-em 2
=i d2xvhi 113101+ Eml(O) I[m~sJio] + @9{2(0) ILM*s°Ji0]+Roy "1 Iil+ Eml(l) IIm“sJ]
2 2 2 4,2
Can U (mnu | 1 (mr) £ 1 (mn)®u 1
+| Koy - Tm?(of R)'[le]—T| agvz| T —— (URgp) F+o)l m_ZSJls t—g | mTSZJm :
(5.7)

Thel[(m?s)'J,,] are given by Eq(4.30. Using Eq.(5.7) and the values of, v, and thei)‘inD(;f“R given in Appendix B, one
can compute the anomalous contribution to the stress tensor.

VI. CONCLUSIONS tively converts the system from a single quantum fieldin

dimensions to a collection of fields irD(—n) dimensions.
In a D-dimensional spacetime which can be foliated byQuantities of interest for the original theory, such as the ex-
n-dimensional homogeneous subspaces, a field can be dgectation value of the square of the field operator and the
composed in terms of modes on the subspaces. This effeeffective action, can then be written as sums of the corre-
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sponding objects from the dimensionally reduced theoriesto g. Meanwhile,V, (), and A are the two-dimensional
This relationship breaks down under renormalization, how-covariant derivatives and d’Alembertian calculated using the
ever, so that renormalized expectation values can be obtainedetrich,,. For the dilatong we shall understané,, ¢y,
by summing their lower-dimensional counterparts only if theetc. to denote multiple two-dimensional covariant derivatives
contribution for each mode is modified by adding an anomaef ¢. For example, the four-dimensional d’Alembertian of an
lous contribution. This effect is the dimensional reductionangle-independent scal&decomposes to
anomaly.

We have explicitly calculated the anomalous contribu- [S=AS-2V¢-VS (A2)
tions to the expectation value of the square of the field op- .
erator and the effective action for the case of a massive scér-] particular,
lar field propagating in a general four-dimensional Op=A¢—2(V )2 (A3)
spherically symmetric space. We have seen that the anomaly
arises from several sources. One is the Dirichlet boundaryor the given line element, the nonvanishing Christoffel
condition imposed at=0 due to the change in topology symbols are
inherent in the spherical reduction of the spacetime. Other

contributions are more local in nature, arising from the Thdg1="T5 ], (A4)
dimension-dependent contributions of the curvature and field
potential to divergences. The resulting anomaly terms are ‘Tilgl=¢%g;; . (A5)
constructed from the curvature, the dilaton field, and their , ,
covariant derivatives, and cannot be eliminated by further Tialg]=— ¢ad}, (A6)
finite renormalization.

The anomalies calculated in this paper may be of impor- THIg]="T}[w]. (A7)

tance to recent attempts to calculate the stress tensor and ) )
Hawking radiation in black-hole spacetimes using quantumP€lecting coordinatesi(#) on the two-spheres, where
fields in two dimension$2,7]. These attempts are based on i 2, 2

. ; ; D * i =do-+
the dimensional reduction of a massless minimally-coupled doijy'y'=dé sir? od”, (A8)
quantum field in a Schwarzschild spacetime, followed bygne finds
renormalization in two dimensions. We have seen, however,

that the contributions of the dimensionally reduced fields P ) . cosé

should be modified by adding the corresponding anomaly I,l9]=—sindcoss, “Tjlgl=o. (A9)

term. We intend to return to a discussion of this interesting

topic in a future publication. For convenience, we define the following commonly occur-

ring functions of the dilaton field:
ACKNOWLEDGMENTS A 1—r2(V )2, (A10)
The author would like to thank Valeri Frolov and Andrei

Zelnikov for useful discussions. This work was supported by B=A¢—2(V¢)? (A1)

the Natural Sciences and Engineering Research Council of

Canada. Tab= dap— Padhp, (A12)

T=h*T,_,=A¢p— (V)2 (A13)

APPENDIX A: SPHERICAL DECOMPOSITION

OF CURVATURES Since the two-sphere metric has constant curvafiRiew ]

Consider a line element of the form =2, explicit reference to it may be dropped. Henceforth we
o assume all curvatures to be with respect to the two-
ds?=g,,,dX*dX"=h,,dxdx’+ p?e 2% w;;dy'dyl, dimensional metrich,, unless explicitly labeled otherwise.

(A1) Using this notation, one can show that the only nonvanishing

_ _ ) ) ~ components of the four-dimensional curvatures are
whereh,,=h,,(x°) is an arbitrary two-dimensional metric

and wj; zwij(y") is the metric of a two-sphere. The dilaton 4 1

¢ is a function of thex® only, andp is a constant with the Rabed 91= 5 R(Nachba—NadNse), (A14)
dimensions of length. The radius of a two-sphere of fixgd

isr=pe ?. *Raibj91=0i; Tan. (A15)

We wish to decompose our field theory in terms of modes
on the two-sphere. This requires rewriting four-dimensional A
geometric quantities like the curvatures in terms of the cor- *Rijkml9]= = (9ikGjm— GimTjk) (Al16)
responding curvatures for the methc r
Our notational conventions are as follows: four- 1
dimensional covariant derivatives are denoted by, (yvhile 4 _-
[ is understood to represent the d’Alembertian with respect Rao9]= 5 Rhapt2Tap, (AL7)
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+B],

1
‘Rilg]= 9| 2

‘R[g]=R+4A¢p—6(Vp)’+ —

while the only nonvanishindRaﬁ;y are
4Rab;c[g] = EhabR|c+ 2Tab\Ca
4 1 1 b
Ram;n[g]:gmn _§R+F_Z+B Ga—2Tap0" |,
4 1
Rmn;a[g]:gmn _2+B
r la
Also,
4 1
Rmn;ab[g]:gmn _2+B )
r
|ab
4 1
Rmn;jk[g]:_(gkmgnj+gkngmj) +I’_2+B
a b 1 a
_2Tab¢ ¢ _gjkgmn _2+B d’ '
r la
4 1
U Rmil9]1=09mn} [A—2V ¢- V] —+B|+R(V¢)?
1
—2(—2+B>(V¢)2+4Tab¢ ) ]
‘Ra=| R+4A¢0—6(VH)>+—| ,
la
‘Rap=| R+4Ap—6(VP)2+—|
|ab
4R;mn:_gmn R+4A¢_6(V¢)2+_ d)a’

la

O*R=[A—2V ¢ V]

R+4Ap—6(Vd)2+ —

(A18)

(A19)

(A20)

(A21)

(A22)

(A23)

(Vo)?

(A24)

(A25)

(A26)

(A27)

(A28)

(A29)
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APPENDIX B: POINT SPLITTING

It will be necessary to write short-distance expansions for
o and theD?a, for X and X' separated along the two-
spheres. We follow a method similar to that developed.in
Without loss of generality we take the points to be split in
the 6 direction only, with angular separation= 6— 6. Our
procedure will be to calculate the desired quantities first as
expansions in powers of?, and then to convert them to
expansions in powers of (1cos\) for use in the mode-
decomposition calculations.

We take as our ansatz for the geodetic interval

20(x,y; X",y )=(TN)2+UX) N+ VX () 8+
(B1)

wherex=(x+x’). Taking the derivative ot with respect
to each of the coordinates and requiriog- 39*#o 04 in
the coincidence limit, one can show that

U(X)———(chb)2 (B2)

1
V00 = g5V T8 b (B3)

and

(0_0)2:)\2|:1_ %rZ(V(b)Z)\Z

| TV 8 8P b } (B4)
o7=0, (B5)
1 1 1
— SN~ 56yt (V)20 }(rx)“
+e (B6)

The expansioriB1) for o can be converted into one in terms
of (1—cos\) using

AN2=2(1-2)+ = (1 2)%+ 5(1—2)3+.-., (B7)

wherez=cos\. Defining the functionsi(x), v(x) by

20(X,y;%,y")=2r[(1—2z)+u(x)(1—2)?
+o(X)(1—-2)%+-- ], (B8)

we obtain

_l 2
U= g[1-r2(V $)?], (B9)
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5 and the short-distance expansiong 15,16, one can derive
v(X)= 75141 2V +ri(Ve)* expansions for th®'?a,, in powers of (1 z). Writing
4,
3 D1/2 D .fR mD E'R_ fRn(O) R+mn(l) (1_2)
— 5"V VI(Ve)?|. (B10) O E'R
n(zf (1-2)%+ (B11)
Combining Eqgs.(B4)-(B7) with the results of Appendix A one can show that
oo =1, (B12)
O-¢R 1 2
O-¢*R 1 2 2B)2 4 1 2 2 2
Ro(2) =%A + (1+r B)-+ (1+r B)[1—-4r5 (V)]
I‘4 3 2 a b ab 1 2 1 a
+ 50| 5 R(VE)?+ 6Tapd? "+ 2T, T +12 —+B|(V)?+6| 5 +B| |, (B14)
E
O-¢*R 1 2
Ry —|g~¢|| RT42¢0—-6(VH)™+ - (B15)

2

[(1+17B)+r2V - V]| R+4Ah—6(V )2+ RT+3R(V$)*+8TapT ™+ 12Tapd*6°

1/1
O-¢*R_ ==
Syil(l) _6(6 g

180
) 2 1 1 )
R+4A¢$—6(Vp) -+ - ¢+ 3[A—-2V¢-V] —2+B -6 —2+B (Vo)
r la r r
1 2 2 2p)\2
+—2[2A +A(1+r°B)—2(1+r“B)~], (B16)
a0r
O-¢*R_ 11 ? 2 ’ 2
9%2(0) > g—g R+4A¢p—6(Vp)"+ — +6 g—g [A—2V¢-V]| R+4A¢p—6(VP)"+ —
24 1 2_ b 4 2 2n\2
180 [A=2V¢p-V]| R+4Adp—6(Vh) -+ + 2R 2RT+A4T,,T? + A (1+r B) (B17)
. . . . *§4R . D*§4R
It is easily verified that for flat spacetime each of mE(k) vanishes, except fdRg gy .
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